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Abstract
E. Ghys in [E. Ghys, Appendix E: Riemannian foliations: Examples and problems, in: P. Molino (Ed.), Riemannian Foliations,
Birkhäuser, Boston, 1988, pp. 297–314. [3]] has posed a question (still unsolved) if any Finslerian foliation is a Riemannian
one? In this paper we prove that the natural lift of a Finslerian foliation to its normal bundle is a Riemannian foliation for some
Riemannian transversal metric. The methods we used here are closely related to those used by M. Abate and G. Patrizio in [M.
Abate, G. Patrizio, Finsler Metrics—A Global Approach, Springer-Verlag, Berlin, 1994].
© 2005 Elsevier B.V. All rights reserved.
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1. Basic facts
In this chapter we define a Finslerian foliation in an analogous manner as for Riemannian foliation (cf. [4,5]).
Let (W,F ) be a Finsler manifold, where F :TW →R is a Finsler metric (for necessary definitions, see [1,2]).
Definition 1.1. A diffeomorphism f :W → W is said to be a Finsler isometry if
F
(
f (p),f∗(v)
)= F(p,v)
for each p ∈ W and v ∈ TpW .
Example. Let W = R2 \ {(0,0)} and F(p,v) = 1
e
√ ‖v‖2
‖p‖2 − 〈p,v〉‖p‖2 , where p ∈ W , v ∈ TpW and 0 < e < 1. Then it is
easy to see that each homothety is a Finsler isometry.
Definition 1.2. A foliated cocycle {Ui,fi, γij } on a manifold M is said to be a Finslerian foliation F if
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(b) fi :Ui → W is a submersion, where (W,F ) is a Finslerian manifold,
(c) γij is a local Finslerian isometry of (W,F ) such that for each x ∈ Ui ∩ Uj
fi(x) = (γij ◦ fj )(x).
The Finslerian manifold (W,F ) will be called the transversal manifold of foliation F .
The local submersions {fi} define by pull-back a Finsler metric in the normal bundle Q = Q(M) of the foliation F ,
which we shall denote again by F .
Note that for any basic vector Y for the foliation and any vector field X tangent to F we have X(F(Y )) = 0.
Denote by (xi, yα), i = 1, . . . , p, α = 1, . . . , q , p + q = dimM a local foliated chart on M and let ( ∂
∂xi
, ∂
∂yα
) be a
local frame of TM . If we denote by ( ∂¯
∂yα
) the corresponding local frame of Q then we can induce a chart (xi, yα,uα¯)
on Q, where uα¯ ∂¯
∂yα
is a transversal vector at a point (xi, yα). Note that in this coordinate system the metric F in Q
does not depend on (xi).
Lemma 1.1. A distribution Lin( ∂
∂x1
, . . . , ∂
∂xp
) defines a foliation FQ on Q called the natural lift of F to Q.
Proof. Let (xi′ , yα′ , uα¯′) be an another coordinate system in Q. Then the lemma follows directly from the transfor-
mation rule
xi
′ = xi′(xi, yα),
yα
′ = yα′(yα),
uα¯
′ = ∂y
α′
∂yβ
(yα)uβ¯ . 
Let Q(Q) denote the bundle over Q transversal to the foliation FQ. The vectors ∂¯∂yα and ∂¯∂uα¯ , α = 1, . . . , q , form
the natural frame of Q(Q) at the point (xi, yα,uα¯) ∈ Q. Thus we can take as coordinates in this bundle the following
functions (xi, yα,uα¯, Y α,Uα¯), where (Y α,Uα¯) are the coefficients of the vector Yα ∂¯
∂yα
+ Uα¯ ∂¯
∂uα¯
.
The canonical projection π :Q → M , π(xi, yα,uα¯) = (xi, yα) induces an another projection π∗ :TQ → TM
which maps the tangent vectors to FQ in the vectors tangent to F . Thus π∗ induces a mapping π˜∗ :Q(Q) → Q
given in local coordinates by (xi, yα,uα¯, Y α,Uα¯) → (xi, yα,Y α). Note that V = V (Q) = ker π˜∗ is a vertical bundle
spanned on the vectors ∂¯
∂uα¯
, α = 1, . . . , q , and the local coordinates in this bundle are given by (xi, yα,uα¯,Uα¯).
Corollary 1.1. We have the following rule of transformations of local coordinates in Q(Q)
xi
′ = xi′(xi, yα),
yα
′ = yα′(yα),
uα¯
′ = ∂y
α′
∂yα
(yα)uα¯,
Uα¯
′ = ∂y
α′
∂yα
(yα)Uα¯.
Lemma 1.2. Let o :M → Q(M) be the zero section of the bundle Q(M). Then the set o(M) is saturated on Q(M)
with foliation FQ.
Proof. Since the leaves of FQ are locally defined by the equations yα = const., uα¯ = const. and the equations uα¯ = 0
are preserved under the coordinate changes then the zero section is the saturated set. 
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to Q˜.
2. Vertical connection
The purpose of this section is to define a linear connection ∇ :X (V ) → X (T ∗(Q˜) ⊗ V ) related to considered
foliated structure. Since the bundle Q˜ is foliated we are looking for a Bott connection that is such one that for any
vector field X tangent to FQ and any transversal vector field Y we have
∇XY = p
([X, Y˜ ]),
where p :TQ → Q(Q) is the canonical projection and p(Y˜ ) = Y .
Definition 2.1 (cf. [1]). The vector field i :Q → V given by
i(xi, yα,uα¯) = uα¯ ∂¯
∂uα¯
is said to be the radial vector field.
It can be checked that this definition is well-posed.
Lemma 2.1. Let ∇ :X (V ) →X (T ∗(Q˜)⊗V ) be a Bott connection. Then ∇Xi = 0 for any vector field tangent to FQ.
The proof of this lemma is obvious and follows from the definition of the Bott connection.
Consider the local frame { ∂
∂xi
, ∂¯
∂yα
, ∂¯
∂uα¯
} of TQ and recall that the vectors { ∂¯
∂uα¯
} form the basis of V . With these
settings we put
∇ ∂
∂xi
∂¯
∂uα¯
= Γ β¯iα¯
∂¯
∂uβ¯
,
∇ ∂¯
∂yα
∂¯
∂uβ¯
= Γ γ¯
αβ¯
∂¯
∂uγ¯
,
∇ ∂¯
∂uα¯
∂¯
∂uβ¯
= Γ γ¯
α¯β¯
∂¯
∂uγ¯
.
From the above formulas it follows that
Γ
β¯
iα¯ = 0,
∇ ∂¯
∂uα¯
i =
(
δ
γ¯
α¯ + uβ¯Γ γ¯α¯β¯
)
∂¯
∂uγ¯
.
The Bott connection ∇ allows us to define a mapping
L :X (Q(Q˜))→X (V ),
L(X) = ∇
X˜
i,
where p(X˜) = X. If we denote by Λ the restriction of the linear mapping L to the bundle V then we can state
Definition 2.2 (cf. [1]). The connection ∇ is said to be a good vertical connection if Λ :V → V is a bundle isomor-
phism.
Observe that ∇ is a good vertical connection if and only if the matrix δγ¯α¯ + uβ¯Γ γ¯α¯β¯ is nonsingular. If we put
H = kerL then we can split the bundle Q(Q) into a direct sum Q(Q) = H ⊕ V . Let {∂α, ∂˙ ¯} be a local frame ofβ
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L(∂α) = uβ¯Γ γ¯αβ¯ ∂˙β¯ ,
L(∂˙β¯ ) =
(
δ
γ¯
β¯
+ uδ¯Γ γ¯
β¯δ¯
)
∂˙γ¯ = Lγ¯β¯ ∂˙γ¯ .
It is easy to check that the vectors δα = ∂α − Γ β¯α ∂˙β¯ , where Γ β¯α = (L−1)β¯γ¯ uδ¯Γ γ¯αδ¯ form a basis of kerL. In the sequel
it is convenient to use the basis {δα, ∂˙β¯} as well as its dual {dyα,ψβ¯ = duβ¯ + Γ β¯α dyα}. Using this coframe we can
define a local connection forms by
∇ ∂˙β¯ = ωα¯β¯ ⊗ ∂˙α¯,
where
ωα¯
β¯
= Γ α¯
γ β¯
dyγ + Γ α¯
γ¯ β¯
duγ¯ = (Γ α¯
γ β¯
− Γ α¯
ε¯β¯
Γ ε¯γ
)
dyγ + Γ α¯
γ¯ β¯
ψγ¯ = Kα¯
γ β¯
dyγ + Kα¯
γ¯ β¯
ψγ¯ .
Note that Kα¯
γ β¯
uβ¯ = Γ α¯γ . The formula θ(∂˙α¯) = δα defines a linear mapping θ :V → H . This mapping allows us to
extend the connection ∇ to the horizontal bundle H by
∇XZ = θ
(∇Xθ−1(Z)),
where Z ∈X (H), X ∈X (TQ). In this way we construct a linear connection in Q(Q)
∇XY = ∇X
(
ν(Y )
)+ ∇X(Y − ν(Y )),
where Y ∈X (Q(Q)), X ∈X (TQ) and ν :Q(Q) → V is the vertical projection. In particular, we have
∇δα = ωβα ⊗ δβ, ωβα = ωβ¯α¯ .
If ϕ ∈X (Q∗(Q) ⊗ Q(Q)) is a 1-form given locally by
ϕ = ϕα ⊗ δα + ϕβ¯ ⊗ ∂˙β¯
then following [1] we define an exterior differential Dϕ putting
Dϕ = (dϕα − ϕγ ∧ ωαγ )⊗ δα + (dϕβ¯ − ϕγ¯ ∧ ωβ¯γ¯ )⊗ ∂˙β¯ .
Simple but long calculations show that the above formula is well-defined.
The bundle Q∗(Q) ⊗ Q(Q) admits a natural section η given by
η = dyα ⊗ ∂
∂yα
+ duβ¯ ⊗ ∂
∂uβ¯
= dyα ⊗ δα + ψβ¯ ⊗ ∂˙β¯ .
It is clear that the form η is well-defined.
Definition 2.3. The form ϑ = Dη is called the torsion form of the connection ∇ .
Locally the form ϑ can be expressed by
Dη = (−dyα ∧ ωγα )⊗ δγ + (dψβ¯ − ψα¯ ∧ ωβ¯α¯)⊗ ∂˙β¯ = ϑγ ⊗ δγ + ϑβ¯ ⊗ ∂˙β¯ ,
where
ϑγ = 1
2
(
K
γ¯
κα¯ − Kγ¯ακ¯
)
dyα ∧ dyκ − Kγ¯κα¯ dyα ∧ ψκ¯,
ϑβ¯ = dΓ β¯γ ∧ dyγ − Kβ¯κα¯ψα¯ ∧ dyκ − Kβ¯κ¯α¯ψα¯ ∧ ψκ¯ .
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In this section we consider the Finsler transversal metric F : Q → R+ ∪ {0} introduced in Section 1. Let G = F 2
and let (xi, yα,uβ¯) be the local coordinates in Q. We put
Gα = ∂G
∂yα
, Gβ¯ =
∂G
∂uα¯
then reasoning in the same way as in [1,2] we have
Gα¯β¯u
α¯ = Gβ¯, Gα¯β¯uα¯uβ¯ = 2G, Gα¯β¯γ¯ uγ¯ = 0.
It is easy to see that for any vertical vectors v = vα¯∂˙α¯ , w = wβ¯∂˙β¯ the formula
〈v,w〉 = Gα¯β¯vα¯wβ¯
defines a Riemannian metric in the vertical bundle. In the similar way as in [1] we can generalize to the case of
Finslerian foliation Theorem 1.4.2 given there.
Theorem 3.1. Let F :Q → R+ ∪ {0} be the transversal Finslerian metric and 〈 , 〉 be the Riemannian metric on V
induced by F . Then there exists exactly one Bott vertical connection ∇ :X (V ) → (T ∗(Q˜) ⊗ V ) such that
(i) ∇ is a good connection;
(ii) if v,w ∈X (V ), X ∈ T Q˜ then
X〈v,w〉 = 〈∇Xv,w〉 + 〈v,∇Xw〉;
(iii) ϑ(v,w) = 0 for any v,w ∈ V ;
(iv) ϑ(v,w) ∈ V for any v,w ∈ H .
Proof. The proof is very similar to that in [1] and we obtain the following formulas for the coefficients of connections
K
η¯
γ α¯ =
1
2
Gη¯μ¯
(
∂γ (Gμ¯α¯) + ∂α(Gμ¯γ¯ ) − ∂μ(Gγ¯ α¯)
)− 1
2
Gη¯β¯
(
Γ κ¯γ ∂˙κ¯ (Gα¯β¯ ) + Γ κ¯α ∂˙κ¯ (Gβ¯γ¯ ) − Γ κ¯β ∂˙κ¯ (Gγ¯ α¯)
)
,
Kδ¯γ¯ α¯ =
1
2
Gβ¯δ¯∂˙γ¯ (Gα¯β¯ ),
Γ η¯γ =
1
2
Gη¯β¯
(
∂α
(
Gβ¯γ¯ u
α¯
)+ ∂γ (Gα¯β¯uα¯)− ∂β(Gγ¯ α¯uα¯))− Kη¯κ¯γ¯ Gαβ(∂γ (Gβ¯uγ¯ ))− ∂β(G),
Γ
β¯
iα¯ = 0. 
Observe that the isomorphism θ does not depend of the coordinates along the leaves. It follows that the Riemannian
metric in Q(Q) defined by
〈w1,w2〉 =
〈
θ−1(w1), θ−1(w2)
〉
for all w1,w2 ∈ H,
〈v,w〉 = 0 for all v ∈ V,w ∈ H
is a transversal Riemannian metric for the lifted foliation FQ.
Theorem 3.2. The lift FQ of the Finsler foliation F to Q is a Riemannian foliation.
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